Abstract. We present a proof of the mirror conjecture of and Aganagic-KlemmVafa [2] on disk enumeration in toric Calabi-Yau 3-folds for all smooth semi-projective toric CalabiYau 3-folds. We consider both inner and outer branes, at arbitrary framing. In particular, we recover previous results on the conjecture for (i) an inner brane at zero framing in K P 2 (GraberZaslow [16]), (ii) an outer brane at arbitrary framing in the resolved conifold O P 1 (−1) ⊕ O P 1 (−1) (Zhou [41]), and (iii) an outer brane at zero framing in K P 2 (Brini [7] ).
In this paper, we consider toric Calabi-Yau 3-folds and a particular class of Lagrangian submanifolds (called Aganagic-Vafa A-branes in this paper) introduced by Aganagic-Vafa in [3] . Let X be a toric Calabi-Yau 3-fold and L be an Aganagic-Vafa A-brane in X (in particular, L is diffeomorphic to S 1 × R 2 ). The open GW invariants of the pair (X, L) depend on the following discrete data:
• topological type (g, h) of the domain bordered Riemann surface Σ, where g is the number of handles and h is the number of holes when Σ is a smooth bordered Riemann surface; • topological type of the map u : (Σ, ∂Σ = h i=1 R i ) → (X, L), which is given by the degree β ′ = u * [Σ] ∈ H 2 (X, L; Z) and winding numbers µ i = u * [R i ] ∈ H 1 (L; Z) = Z; • framing f ∈ Z of the Aganagic-Vafa A-brane L.
More generally, L can be a disjoint union of framed A-branes (L 1 , f 1 ), . . . , (L s , f s ), and the open GW invariants of (X, L) are On the right hand side of (2), π is a surjective group homomorphism H 2 (Ŷ ; Z) → H 2 (X, L; Z), and the relative FTCY 3-fold (Ŷ ,D) is determined by the toric Calabi-Yau 3-fold X and the framed Aganagic-Vafa A-branes (L 1 , f 1 ), . . . , (L s , f s ). More details will be given in Section 3. In [29] , Li-Liu-Liu-Zhou developed a mathematical theory of the topological vertex using algebraic relative GW theory developed by J. Li [26, 27] 2 : R0. Open GW invariants of (X, L) are defined as formal relative GW invariants of a relative FTCY 3-fold (Ŷ ,D). R1. The degeneration formula satisfied by these formal relative GW invariants agrees with the gluing formula in [1] , with C µ 1 ,µ 2 ,µ 3 replaced by a generating function C µ 1 ,µ 2 ,µ 3 of invariants of an in-decomposable relative FTCY 3-fold. R2. LLLZ evaluated C µ 1 ,µ 2 ,µ 3 using virtual localization and a formula of Hodge integrals provided in [28] , and showed that it agrees with the formula of C µ 1 ,µ 2 ,µ 3 in [1] when one of the partitions is empty. This proves the topological vertex algorithm up to 2-leg vertex. The validity of the full 3-leg case is a consequence of the proof of Gromov-Witten/Donaldson-Thomas correspondence of toric Calabi-Yau 3-folds by Maulik-Okounkov-Oblomkov-Pandharipande [35] .
1.3. Mirror Symmetry: conjectures and results. The mirror symmetry relates A-model topological string theory on a Calabi-Yau 3-fold X to the B-model topological string theory on the mirror Calabi-Yau 3-fold X ∨ . Let X be a smooth toric Calabi-Yau 3-fold. We assume that X is semi-projective, i.e., X has a torus fixed point and X is projective over its affinization Spec H 0 (X, O X ) . By the results in [21, Section 2], a smooth toric variety is semi-projective if and only if it is equal to the GIT quotient of an affine space C r by the action of a subtorus of (C * ) r . Let L be an Aganagic-Vafa A-brane in X. Aganagic-Vafa related a generating function of disk invariants of the pair (X, L) to the Abel-Jacobi map of the mirror curve of X [3] . It was clarified in [2] that the framing of L corresponds to choice of flat coordinates in the B-model. The integrals in [3, 2] are solutions to extended Picard-Fuchs equations [23, 24, 36, 37] . To our knowledge, the above mirror conjectures on disk invariants has been verified in the following cases: (i) X is the total space of K P 2 and L is an inner brane at zero framing (T. Graber and E. Zaslow [16] ); (ii)X is the resolved conifold (i.e. the total space of
) and L is an outer brane at arbitrary framing (J. Zhou [41] ); (iii) X is the total space of K P 2 and L is an outer brane at zero framing (A. Brini [7, Section 5.3] ).
Based on the work of Eynard-Orantin [10] and Mariño [34] , Bouchard-Klemm-Mariño-Pasquetti [5] proposed a new formalism of the B-model topological strings on the mirrors of toric CalabiYau 3-folds, and provided an recursive algorithm, now known as the remodeling conjecture, which determines the generating functions (4)
0,1 and annulus invariants F X,L 0,2 . Note that the generating functions are obtained by fixing the topological type of the domain and summing over all possible topological types of the map. The remodeling conjecture has been proved for the framed 1-leg topological vertex by L. Chen [8] and by J. Zhou [39] . J. Zhou later proved the conjecture for the framed 3-leg topological vertex [40] . Recently, Bouchard-Catuneanu-Marchal-Su lkowski proved the remodeling conjecture for F (i) We use localization to derive a formula of formal relative GW invariants of the relative FTCY 3-fold (Ŷ ,D) in terms of descendant GW invariants of the FTCY 3-foldX :=Ŷ −D (Proposition 3.1). As a consequence, we obtain a formula of open GW invariants of (X, L) in terms of descendant GW invariants of X when L is a union of framed outer branes (Proposition 3.2). The formula allows us to extend the definition to a single framed inner brane (Proposition 3.4). (ii) We use the approach in Graber-Zaslow [16] to prove the mirror conjecture on disk invariants in [3, 2, 23, 24, 36, 37] for any smooth semi-projective toric Calabi-Yau 3-folds. We consider both outer and inner branes, at arbitrary framing (Conjecture 4.3). We list explicit mirror formulae for the resolved conifold, local toric Fano surfaces, and toric crepant resolutions of
2. Geometry and Topology of Toric Calabi-Yau 3-Folds 2.1. Toric varieties as geometric quotients. We refer to [12] for the theory of toric varieties. In this subsection, we consider smooth, possibly noncompact toric varieties of any dimension. Let N ∼ = Z n be a free abelian group, and let △ be a fan in N (or in N R = N ⊗ R ∼ = R n ) of strongly convex rational polyhedral cones. Let X = X(△) be the toric variety associated to △. In this paper, we assume that X is smooth. We use the following notation:
• △(d) is the set of d-dimensional cones in △.
• Given σ ∈ △(d), let V (σ) denote the codimension d orbit closure associated to σ.
• Let △(1) = {ρ 1 , . . . , ρ r } be the set of 1-dimensional cones in △, and let v i ∈ N be the unique generator of the semigroup ρ i ∩ N , so that
There is a group homomorphism
We assume that φ is surjective. Let
be the dual lattice of N . Since φ : N → N is surjective, the dual map φ * : M → M is injective. Applying Hom(−, C * ) to the following short exact sequence
we obtain another short exact sequence
where
We also denote
Notice that
. . , X r ] be the ideal generated by { ρi ⊂σ X i | σ ∈ △}, and let Z(△) ⊂ C r be the subvariety defined by I(△). Then X can be identified with the geometric quotient:
When X is semi-projective, the quotient (6) is also a quotient in the sense of GIT (geometric invariant theory) [21, Section 2].
2.2. Toric varieties as symplectic quotients. When X is a smooth semi-projective toric variety, we may describe Kähler structures on X as a symplectic quotient. Let G R ∼ = U (1) k be the maximal compact subgroup of G ∼ = (C * ) k . Then the dual g * R of the Lie algebra g R of G R can be canonically identified with A n−1 (X) ⊗ R = H 1,1 (X Σ ; R). Let µ : C r → g * R ∼ = R k be the moment map of the Hamiltonian G R -action on C r , equipped with the standard Kähler form
The standard Kähler form (7) on C r descends to a Kähler form ω r1,...,r k on the quotient (8) in class (r 1 , . . . , r k ) ∈ H 1,1 (X; R). The real numbers r 1 , . . . , r k are known as Kähler parameters of X. Let T a = −r a + √ −1θ a be complexified Kähler parameters of X.
2.3.
The Calabi-Yau condition. We say a toric variety X is Calabi-Yau if the canonical divisor
When X is Calabi-Yau, we have a short exact sequence
. . , r k )/G R be a smooth semi-projective toric Calabi-Yau 3-fold equipped with the Kähler form ω r1,...,r k . Here
, where
Such a Lagrangian submanifold is diffeomorphic to S 1 × C and intersects a unique 
Let ρ i1 ⊂ σ be the 1-cone that is not in τ L , and let ρ i2 ⊂ σ be the 1-cone that is not in τ ′ L . We use ρ i3 to denote the 1-cone in σ other than
We sometimes call the integer f the a framing of L. See Figure 2 . Figure 2 . framing of an A-brane
We may view f as an element in Hom(
Ta , which are formal Kähler parameters. Given β ∈ H 2 (X; Z), define
. . , r, we have
We have the following long exact sequence of relative homology groups of the pair (X, L):
where H 2 (L; Z) = 0 and H 1 (X; Z) = 0. For i = 1, . . . , s, let V (τ i ) be the unique 1-dimensional orbit closure that intersects L i . We assume that τ 1 , . . . , τ s are distinct. We choose a T-fixed point x i ∈ V (τ i ). When L i is an outer brane, V (τ i ) ∼ = C, and there is a unique such point; when L i is an inner brane, there are exactly two such points, x i and x
has two connected components, one of which is a holomorphic disk B i containing x i . We orient B i by the holomorphic structure. Then B i represents a relative homology class
is of the form
where d i ∈ Z and β ∈ H 2 (X; Z). Let A be the collection of anti-cones
The effective cone L eff is
It is dual to the Mori cone.
Gromov-Witten Invariants
Let X be a toric Calabi-Yau 3-fold defined by a fan △. Let
be framed Aganagic-Vafa A-branes (see Section 2.4), and let τ 1 , . . . , τ s ∈ △(2) be defined as in Section 2.6. Let σ 1 , . . . , σ s ∈ △(3) be the top dimensional cones corresponding to T fixed points x 1 , . . . , x s , respectively, where x i are defined as in Section 2.6. Then
Define
. . , L s are outer branes. In Section 3.5 -3.6, L = L 1 is a single outer or inner brane.
The relative FTCY 3-fold (Ŷ ,D)
. We refer to [29, Section 3] for the definition of formal toric Calabi-Yau (FTCY) graphs and construction of relative FTCY 3-folds. Let Γ X be the formal toric Calabi-Yau (FTCY) graph associated to the smooth toric 3-fold X (see [29, Section 3.1] ). We define a FTCY graph Γ X,(L1,f1),...,(Ls,fs)
by replacing the noncompact edgeē i in Γ X associated to τ i by a compact edgeē ′ i with framing f i .
3 Figure 3 .1 shows the construction near the edgeē i .
w Figure 3 . The FTCY graphs Γ X and Γ X,(L1,f1),...,(Ls,fs) . The trivalent vertex v i corresponds to the cone σ i ∈ △(3).
Let (Ŷ ,D) be the relative FTCY 3-fold associated to the FTCY graph Γ = Γ X,(L1,f1),...,(Ls,fs) . ThenD is the disjoint union of its connected componentsD 1 , . . . ,D s which correspond to the s univalent vertices v
and E c (Γ) denote the set of compact edges in Γ X and Γ, respectively. Then
Each compact edgeē corresponds to a torus invariant projective line Cē in X or inŶ . We have
There is a surjective group homomorphism
Zb i
given by
where β ∈ H 2 (X 1 ; Z), and i * :
Formal relative GW invariants of (Ŷ ,D)
. We refer to [29, Section 4 ] for the precise definitions of relative stable morphisms to a relative FTCY 3-fold, and formal relative GW invariants.
Here we briefly recall the definitions for our particular setting. An effective class of Γ is a pair ( d ′ , µ), where
is a map from the set of compact edges in Γ to the set of nonnegative integers,
is a map from the set of univalent vertices in Γ to set of partitions, 3 In [29] all the noncompact edges are replaced by a compact edge ending at an univalent vertex. Here we only compactifyē 1 , . . . ,ēs.
•
Aut(µ i ).
We also use d ′ to denote the following effective curve class:
are distinct smooth points on C, and
is a formal Deligne-Mumford stacks equipped with a perfect obstruction theory of virtual dimension ℓ( µ). Moreover,
, and the perfect obstruction theory are
formal relative GW invariants of (Ŷ ,D) is defined by
i is a T ′ -equivariant divisor inD i , and N vir is the virtual normal bundle of
A priori the right hand side of (11) is a rational function in u, v, homogeneous of degree 0, but it is indeed a rational number independent of u, v.
We define generating functions of formal relative GW invariants of (Ŷ ,D):
3.3. Descendant GW invariants ofX. LetX be the formal completion of X along the 1-skeleton X 1 . ThenX =Ŷ −D is a FTCY 3-fold, and
The surjective group homomorphism π :
; we also use d to denote the effective curve class
Let M g,n (X, d) be the moduli space of n-pointed, genus g, degree d stable morphisms toX. Define (15)
where φ i ∈ H T ′ (X; Z) is the T ′ -equivariant Poincaré dual of the torus fixed point x i ∈ V (τ i ), and
are evaluations at the marked points. Define generating functions
µ j , and χ µ (ν) denotes the value of the irreducible character of S d associated to ν ⊢ d at the conjugacy class of S d associated to µ ⊢ d. Proposition 3.1.
Proof. We use the notation in [29, Section 7] , and set ν i = νē i . By [29, Proposition 7 .10],
by localization computations similar to those in [29] . Therefore,
Open GW invariants of (X, L): multiple outer branes. The open GW invariants of X relative to the framed outer branes (
. , s, and the sign (−1)
is included for convenience of comparison with the predictions from mirror symmetry.
Given β ∈ H 2 (X; Z) and µ = (µ 1 , . . . , µ s ), define
In particular, when X = C 3 , s = 3, we have
which is exactly the three-partition Hodge integral defined in [29,
The following proposition follows from Proposition 3.1 and definitions.
Proposition 3.2 (multiple framed outer branes). Let β ∈ H 2 (X; Z) be an effective curve class, and let
In particular, when s = 1,
, which is equivalent to the following corollary.
Corollary 3.3 (single framed outer brane). Let (L, f ) be a framed outer brane in X, let z be the unique T ′ -fixed point in V (τ L ), and let φ ∈ H 6 T ′ (X; Z) be the T ′ -equivariant Poincaré dual of z. For any effective curve class β ∈ H 2 (X; Z) and any partition µ = (µ 1 , . . . , µ h ), we have
, and w = (w 1 , . . . , w h ), where w j are nonzero integers, we define
where the right hand side is the moduli space of stable maps u :
, where Σ is a prestable Riemann surface of type (g; h), R j ∼ = S 1 are connected components of the boundary
is a rational number depending on f ∈ Z. It is defined up to a sign depending on choice of orientation on the virtual tangent bundle of M g,β ′ , w . Define
Proposition 3.4. Suppose that β ∈ H 2 (X; Z), and either
• L is an outer brane, w 1 , . . . , w h are positive integers, or • L is an inner brane, w 1 , . . . , w h are nonzero integers. When L is an inner brane, let α = [V (τ L )] ∈ H 2 (X; Z). {1, . . . , h} is a disjoint union of J + and J − , where J ± = {j ∈ {1, . . . , h} | ±w j > 0}. (So J − is empty when L is an outer brane.) Define Figure 4 . weights of the action by T L,f Suppose that u : (C, q 1 , . . . , q h ) → X is a stable map which represents a T ′ fixed point in M g,h (X, β), and that f (q j ) = x ± for j ∈ J ± . Let Σ be the prestable bordered Riemann surface
where D j intersects C at a node q j . If j ∈ J ± then we define u j :
Then we obtain a stable mapû : (Σ, ∂Σ) → (X, L) which represents a T We haveB
We also have a long exact sequence
We have
Combining (22), (23), and (24), we get
vL=f uL 3.6. Generating functions for a fixed topological type of the domain. Any β ′ ∈ H 2 (X, L; Z) is of the form β ′ = β + wb, where β ∈ H 2 (X; Z) and w ∈ Z. As in Section 2, we fix a choice of Z-basis l (1) , . . . , l (k) and its dual p 1 , . . . , p k . Define
We define generation functions
Note that when h = 1, w = w 1 ∈ Z is determined by ∂β ′ = wγ, so we may omit the variable Y 1 . In particular, we define
where d a = β, p a . For later convenience, we introduce the following generating function for any nonzero integer w:
where β ∈ H 2 (X; Z). We say β ≥ 0 when β is effective, and β > 0 when it is also non-zero. The following is an immediate consequence of Proposition 3.4.
(a) If L is an outer brane then
The Mirror Conjecture on Holomorphic Disks
Aganagic-Vafa and Aganagic-Klemm-Vafa [3, 2] construct a B-model Landau-Ginzburg model together with the superpotential W as the mirror to the A-model on the Calabi-Yau toric threefold X. The superpotential W is conjectured, up to a mirror transform, to be equal to the single brane disk amplitude constructed in Section 3.6. As discussed in Section 3.5 we fix a framed Aganagic-Vafa A-brane (L, f ), and let x + be the T-fixed point in V (τ L ) (when L is an inner brane there is another T-fixed point x − ). We fix indices i 1 , i 2 , i 3 , and in case of inner brane L, also an index i 4 as in Section 2.5 ( Figure 4 ).
4.1.
The Hori-Vafa mirror. Applying Hom(−, C * ) to (5), we obtain
Let H( x, q) be the restriction of
There is a C * action on the following Calabi-Yau
The mirror of X is the quotient noncompact Calabi-Yau 3-fold X 
k+3 ) to be l
We introduce an extra charge vector
The mirror curve can be written down in the following coordinate patch
Other x i for i ∈ I are determined from x, y through the equation
The mirror curve is an affine curve in C * × C * given by a single equation
in coordinates x, y.
4.2.
Aganagic-Vafa B-branes. As shown in [3] , the mirror B-brane of the A-brane defined in Section 2.4 above is 2-cycle in X ∨ q , given by the equations (32)
where x = x(w + ) ∈ { x|H( x, q) = 0} is a function of the coordinate w + on the brane. We fix x at w + = ∞ to be x(∞) = x * . Following [23, 24] , the framed modulus x of the B-brane is determined by the value of x on w + = 0
The the B-brane modulus in framing 0 is given by x. We denote the corresponding B-brane by C x , and the reference B-brane by C x * , with
i . The reference brane C x * could be chosen as a holomorphic curve with constant x(w + ) = x * . Other branes cannot be holomorphic, since x has different bounded values at w + = 0 and w + = ∞. The mirror curve in coordinates x, y can be further written as an equation in the framed coordinates x, y (33) M (x, y, q) = H( x, q) = −xy −f + y + 1 + i∈I\I0 x i (xy −f , y, q) = 0 by a change of coordinates x = x y f , y = y.
4.3.
Picard-Fuchs equations and the mirror map. Let Γ(x) be a 3-chain in X ∨ q such that ∂Γ(x) = C x − C x * , and γ ∈ H 3 (X ∨ q ; Z) is any 3-cycle. Mayr and Lerche-Mayr [34, 23] show that the periods
Ω are eliminated by GKZ-type operators
where a = 0, . . . , k, i = 1, . . . , r + 2, and θ a = q T a = log(q a ) + S a (q),
where S a (q) is a power series in q 1 , . . . , q k .
Recall that d a = p a , β for β ∈ H 2 (X; Z), and
otherwise we define E i0 (β) = 0. Recall that β ≥ 0 when β is effective, and β > 0 when it is also non-zero. In particular, using the Frobenius method, as shown in [36, 23] , the mirror correction is given by
where A(q) is the following series of q 1 , . . . , q k :
The above formula is a direct reformulation of the equations [23 
It agrees with (36).
4.4.
Superpotential and the mirror prediction of disk invariants. In [3] , the superpotential W (C x ) associated to the B-brane C x is the integral over the chain
where the boundary of the chain
We define the extended pairing
Given the charge vectors l (a) , a = 0, . . . , k, Lerche and Mayr [36, 23] show that W is a double logarithm solution of the Picard-Fuchs equations. Precisely W consists of a double logarithm part and a power series part
c ij log q i log q j + W 0 , where W 0 is explicitly in the following form
The coefficient C(β ′ ) is obtained by applying the Frobenius method
In [3] and [2] , the superpotential W 0 is explicitly computed by solving the mirror curve M (x, y, q) = 0. Writing y = y(x, q), and in [3] it is shown that the superpotential is x ∂W 0 ∂x = − log y(x, q) up to a function in q.
Remark 4.2. The above formula differs by a sign with Equation 4.5 of [3] . We choose this sign convention in order to match the sign convention on Gromov-Witten theory. One may simply apply a change of coordinate y → 1/y to get rid of this minus sign. We only consider invariants of non-zero winding numbers. Bouchard and Su lkowski discuss the constant contributions of the higher genus superpotential associated to a mirror curve [6] . 
We prove this conjecture in the next section.
Proof of Conjecture 4.3

Equivariant mirror theorem.
A toric manifold X is semi-Fano if c 1 (T X ) ≥ 0. In this subsection, we state an equivariant mirror theorem for a semi-projective semi-Fano toric manifold X (Theorem 5.1). When X is projective, or is the total space of a direct sum of negative line bundles over a projective toric manifold Z, Theorem 5.1 follows from the results in [30, 13] (when X or Z is a projective space) and in [31, 14] (in the general case). When X is a general noncompact, semi-projective, semi-Fano toric manifold, Theorem 5.1 follows from the results in [9] . Let X be a semi-projective toric manifold. Let D 1 , . . . , D r be the T-divisor of X. Let
.
Note that the parameter t ′ 0 is different from the parameter t 0 = log q 0 introduced in Section 4.3. Define another H * T (X; Z)-valued function J(T, z −1 ) as follows:
or equivalently,
Assume that X is semi-Fano. Then the expansion of the I function in z −1 is of the following form
where λ 1 , . . . , λ r ∈ H 2 (BT) are the universal first Chern classes. The expansion of the J function in z −1 is
The mirror map is given by
In particular, Q a = q a exp(f a (q)), a = 1, . . . , k.
Theorem 5.1 below is a special case of the results in [9] . When X is the total space of a direct sum of negative line bundles over a projective toric manifold (such as the six toric Calabi-Yau 3-folds considered in Section 6.1-6.6), Theorem 5.1 is a special case of the results in [31, 14] . (It is stated as Corollary 4.3 in [14] .) Theorem 5.1 (Equivariant mirror theorem). With the above identification a = 1, . . . , k, the I and J functions are equal I(t, z −1 ) = J(T, z −1 ).
5.2.
Open and closed mirror maps. We now restrict to the subtorus T L,f . Let ι + : x + → X be the inclusion map, and let
is defined by (26) and A i (q) is defined by in (37). Proposition 5.2. Let w be a positive integer. Then
where Q = (Q 0 , Q 1 , . . . , Q k ) and q = (q 0 , q 1 , . . . , q k ) are related by the following open and closed mirror maps
Proof. In this proof, u = u L . The parameters t ′ 0 and t 0 are different.
where Q 0 and q 0 are related by the following open mirror map
It remains to show that the open and closed mirror maps are given by
To see this, we expand the I function from Section ??:
Therefore, the mirror maps satisfy
To obtain the closed mirror map, we consider the nonequivariant version of (41):
. So f 0 (q) = 0, and the closed mirror map is given by
To obtain the open mirror map, we apply ι * + to (41) and restrict to T L,f :
Combing (40) and (42), we obtain the open mirror map:
Note that (39) implies
for all β ∈ H 2 (X; Z). Corollary 5.4. Let w be a negative integer, and L be a framed inner brane. Define
(In other words, l
Proof. Apply Proposition 5.2 with respect to the fixed point q and L, we have 
Since l
On the other hand,
and this implies the statement.
5.3.
Outer brane. By Corollary 3.6 (a) and Proposition 5.2,
This agrees with Equation (38) .
When L is an outer brane, it further implies w > 0. One may choose appropriate Z-basis {l (a) } a=1,...,k in L and {p a } a=1,...,k in L ∨ with respect to the T-fixed point x + . Since the toric variety X = (C r − Z(∆))/G is smooth, the G action on C r − Z(∆) is free; in particular the G action on
is free. It follows that the composition with the projection
is an isomorphism. Thus we choose the preimages of v i , where i ∈ I\I 0 as a basis {l (a) } of L. We write l (ai) to be the preimage of v i for i ∈ I\I 0 . It is obvious that the cone
while the pairing p a , l (b) = δ ab for the dual basis p a ∈ L ∨ , and p ai = D *
i . With such a choice of l (a) and p a , the intersection L ∩ X is described by the following equations
where r 1 , . . . , r k are Kähler parameters. Since L is an outer brane, if one moves L to infinity, i.e. let |X i1 | → ∞, we will not encounter a T-fixed point, i.e. |X i | cannot be zero for any i ∈ I\I 0 . By our choice of basis {l
This completes the proof of Conjecture 4.3 when L is a framed outer brane. 
So I − can be rewritten as
The calculation of I + is identical to the outer brane case.
(−1)
while the other half of the contribution I − is the following
It agrees with Equation (38) . This completes the proof of Conjecture 4.3 when L is a framed inner brane.
Explicit Mirror Formulae
In this section we list explicit mirror formulae for several examples, whose charge vectors are listed in Table 1 . The open and closed mirror maps are given by
The formulae for
are listed in Table 2 at the end of this section. In particular, there is no mirror correction when X is the resolved conifold. Notice A i (q) = 0 for i = 1 for X other than the toric crepant resolution Y m of (O
The mirror curves are listed in the following table. Phase Mirror curve I y + 1 − qy − xy Table 1 . charge vectors A-model:
where r > 0.
See Figure 5 . Mirror Formula:
The mirror curves are listed in the following table. Phase Mirror curve
See Figure 6 . Mirror Formula:
In Phase I, when f = 0 we have
which agrees with the formula in [16, Section 4.3] . In Phase III, when f = 0 we have
which agrees with [23, Equation A.3 ].
6.3.
B-model: The torus T ∨ q is given by the following equations
The mirror curves are listed in the following table. Phase
Mirror
where r 1 , r 2 > 0.
See Figure 7 . 
B-model: The torus T ∨ q is given by the following equations x
See Figure 8 . 
f w+d 2 2d 1 +d 2 +w−1
B-model:
The torus T ∨ q is given by
The mirror curves are listed in the following table.
Phase
A-model:
where r 1 , r 2 , r 3 > 0, and max(r 1 , r 2 ) < r 3 < r 1 + r 2 .
See Figure 9 . The mirror curves are listed in the following = (0, c 1 , r 1 − c 1 , r 2 − c 2 , c 2 , r 3 − r 2 − c 1 + c 2 , r 4 − r 1 + c 1 − c 2 ) + t (1, 1, 1, 1, 1, 1) , t ≥ 0.
See Figure 10 . One can write down the equations of the framed mirror curves (33) prescribed in Section 4.1. We do not list them here because they are too long.
A-model: 
• I m :
• II b , b = 1, 2:
• II b , 2 ≤ b ≤ m:
0 < c < r 1 + 2(r 3 + 2r 4 + · · · + (b − 2)r b ).
As an example, the image of the 1-skeleton X Table 2 . formulae for A(q) (mirror maps)
